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Which gates are universal for quantum computation? Although it is well known that certain
gates on two-level quantum systems (qubits), such as the controlled-not (cnot), are universal when
assisted by arbitrary one-qubit gates, it has only recently become clear precisely what class of two-
qubit gates is universal in this sense. Here we present an elementary proof that any entangling
two-qubit gate is universal for quantum computation, when assisted by one-qubit gates. A proof
of this important result for systems of arbitrary finite dimension has been provided by J. L. and
R. Brylinski [arXiv:quant-ph/0108062, 2001]; however, their proof relies upon a long argument using
advanced mathematics. In contrast, our proof provides a simple constructive procedure which is
close to optimal and experimentally practical [C. M. Dawson and A. Gilchrist, online implementation
of the procedure described herein (2002), http://www.physics.uq.edu.au/gqc/].
PACS numbers: 03.65.-w, 03.67.-a, 03.67.Lx
A great deal of work has been done to determine what
physical resources are capable of universal quantum com-
putation. It is well known that certain gates on two-level
quantum systems such as the controlled-not, are uni-
versal when assisted by arbitrary one-qubit gates [1]. It
has also been shown that almost any gate on two d-level
quantum systems (qudits), together with its swapped ver-
sion, is universal for quantum computation without the
aid of one-qudit gates [2, 3]. However, this result does
not explicitly specify which two-qudit gates are universal,
requires the ability to apply the given gate in two differ-
ent ways, and the resulting procedure is not practical,
requiring large numbers of gates.
Recently, several authors have considered conditions
for universality when only a single fixed multi-qudit
interaction, together with one-qudit gates, is allowed
[4, 5, 6, 7, 8, 9]. They have shown that any interac-
tion that can create entanglement between any pair of
qudits is universal for quantum computation. Theoreti-
cal schemes for quantum computation based on this have
been found, but they are not of practical utility. In or-
der to make the simulations exact the given interaction
is modified by one-qubit gates which must be applied so
that the period of evolution between them is infinites-
imal. To simulate evolution for some non-infinitesimal
time t the error is controlled by concatenating a large
number n of periods of evolution for a small time t/n.
Although some such schemes minimize the amount of
time required to do the simulation [7, 8], the required
number of one-qubit gates is enormous; an optimistic ex-
ample of simulating a cnot to accuracy only 10−3 re-
quires approximately 104 one-qubit gates [4]. Thus, the
one-qubit gates must be performed with rapidity and ac-
curacy which are vastly more demanding than the stan-
dard requirements for quantum computation. We note,
however, that Hammerer, Vidal, and Cirac [10] have ob-
tained a practical scheme for a restricted class of sym-
metric Hamiltonians with no self-energy.
In contrast, the model we consider does not allow an
interaction to be interrupted by one-qubit gates at arbi-
trary times. We allow only a fixed entangling two-qubit
gate U and arbitrary one-qubit gates between applica-
tions of U . Our proof that any such gate is universal
provides an explicit method [11] for implementing a cnot
exactly, using a small number of one-qubit gates which
is fixed for any given gate U . For the optimistic exam-
ple mentioned above, this method requires only approxi-
mately 10 one-qubit gates. This represents a saving of a
factor of 103; typical savings will be much greater. The
only limit to the accuracy achieved in practice is due
to the accuracy with which the required one-qubit gates
are calculated. This limit is inherent in any procedure for
computation, but because of the constant number of one-
qubit gates required by our scheme, the induced errors
will depend only in a constant way on these inaccuracies.
Combined with the fact that the number of uses of U
is near-optimal, this suggests that our scheme will be of
practical utility.
We begin the description of our construction with some
convenient definitions:
• We say that a gate is universal if it can be used
to perform universal quantum computation on two
qubits when assisted by arbitrary one-qubit gates.
• Suppose U = (A1 ⊗B1)V (A2 ⊗B2). Since we have
the ability to do arbitrary one-qubit gates, being
able to perform U allows us to perform V , and vice
versa. Whenever this is the case, we say that U
and V are equivalent and write U ≡ V .
• A gate U is entangling if it can create entanglement
between two systems initially in a product state.
2• Following [12], we define U to be primitive if U is
a product of one-qubit gates or if U is equivalent
to the gate interchanging the two qubits (swap);
otherwise U is imprimitive. We will see that, for
two qubits, the class of imprimitive gates is exactly
the class of entangling gates.
We now prove the qubit case of the result in [12]:
A two-qubit gate U is universal if and only if
it is imprimitive, or, equivalently, if and only
if it is entangling.
Proof: A brief summary of our proof is as follows: We
use two non-trivial facts. The first is that cnot is univer-
sal [1]. The second is the canonical decomposition [13, 14]
for any two-qubit gate U :
U = (A1 ⊗B1)e
i(θxX⊗X+θyY⊗Y+θzZ⊗Z)(A2 ⊗B2), (1)
where X,Y, Z are the Pauli sigma matrices, Aj , Bj are
one-qubit gates, and −pi4 < θα ≤
pi
4 (see [13] for a sim-
ple proof). Both of these facts have proofs which are
somewhat detailed but elementary and constructive. Our
strategy is to show that any imprimitive gate U , to-
gether with one-qubit gates, can be used to implement
W = eiφZ⊗Z where 0 < |φ| < pi2 . We then show that
W can be used, together with one-qubit gates, to exactly
implement cnot, which proves that W , and therefore U ,
is universal. Finally, since any universal gate is entan-
gling, and any entangling gate is imprimitive, it follows
that the class of entangling gates is exactly the class of
imprimitive gates.
We define V = ei(θxX⊗X+θyY⊗Y+θzZ⊗Z) ≡ U . First,
note that primitive gates have either θx = θy = θz = 0
(corresponding to U being a product of one-qubit gates),
or θx = θy = θz =
pi
4 (corresponding to U ≡ swap), so
we need not consider these cases.
Suppose U is imprimitive, in which case at least one of
the θα is non-zero. We will show that in all cases V , and
hence U , may be used with one-qubit gates to implement
a cnot and is therefore universal. In each case, we use
V to obtain a gate of the formW = eiφZ⊗Z , 0 < |φ| < pi2 .
Note that we may assume |θz| ≥ |θx| ≥ |θy| since the θα
may be relabeled by conjugating V by the primitive gates
H ⊗H and S ⊗ S where H = 1√
2
[
1 1
1 −1
]
and S = [ 1 00 i ].
First, consider the two special cases where either one or
two of θx, θy, θz are
pi
4 and the remainder are 0. Suppose
that θz =
pi
4 and θy = θx = 0. Then V = e
ipi
4
Z⊗Z and is
hence already of the required form. For the second special
case, θz = θx =
pi
4 and θy = 0. Noting that V
8 = I,
and thus V 7 = V †, we use the one-qubit gate ei
pi
4
X⊗I to
obtain V ei
pi
4
X⊗IV 7 = ei
pi
4
V X⊗IV † = ei
pi
4
Y⊗Z ≡ ei
pi
4
Z⊗Z ,
which is of the required form.
Secondly, consider the more general case, θz 6=
pi
4 . Now
(I ⊗ Z)V (I ⊗ Z)V = e2iθzZ⊗Z = eiφZ⊗Z =W (2)
where 0 < |φ| < pi2 , as required.
Simple algebra shows that W is equivalent to a con-
trolled rotation about the z-axis:
eiφZ⊗Z = |0〉〈0| ⊗ eiφZ + |1〉〈1| ⊗ e−iφZ
≡ |0〉〈0| ⊗ I + |1〉〈1| ⊗ e2i|φ|Z . (3)
Note that, if necessary, we can obtain a positive exponent
in the last line by conjugating by I ⊗X . We introduce
the following notation for a controlled rotation about an
arbitrary axis n,
Un ≡ |0〉〈0| ⊗ I + |1〉〈1| ⊗ e
in·(X,Y,Z). (4)
In particular, the controlled rotation (3) above is denoted
U(0,0,2|φ|). Conjugation by one-qubit gates on the second
qubit changes the axis of rotation but not the angle of
rotation: Given n′ such that |n| = |n′|, we can find a
one-qubit gate A such that (I ⊗A)Un(I ⊗A
†) = Un′ . A
product of two rotations Un and Un′ is clearly another
controlled rotation Um. Both the direction of m and its
magnitude vary depending on n and n′.
In order to implement a cnot, we need to use U(0,0,2|φ|)
to obtain a total rotation U(0,0,pi/2) ≡ cnot. The first
step is to use U(0,0,2|φ|) a number of times q =
⌊
pi/2
2|φ|
⌋
. If
pi/2 is an exact multiple of 2|φ|, then we are done. Other-
wise, we must generate a gate to make up the difference;
i.e. we need to obtain Um with 0 < |m| =
pi
2 − 2q|φ| <
2|φ|. To do this, we note that we can easily obtain the fol-
lowing controlled rotations: the zero rotation, U(0,0,0) =
U(0,0,2|φ|)U(0,0,−2|φ|), and U(0,0,4|φ|) = U(0,0,2|φ|)U(0,0,2|φ|).
Choose n such that |n| = 2|φ| in which case Un is equiv-
alent to U(0,0,2|φ|). The product U(0,0,2|φ|)Un gives an-
other controlled rotation Um. |m| varies continuously as
a function of n and so, by the Intermediate Value Theo-
rem, it must pass through all the angles between 0 and
4|φ|. As a consequence it is possible to choose n such
that |m| = pi2 − 2q|φ|. For any given angle φ, n can be
calculated numerically as the solution to a small set of
equations (these can be found in exercise 4.15 in [15], see
also [16]) [17]. Therefore, since U(0,0,|m|) ≡ Um, the final
sequence is
U(0,0,pi/2) = U
q
(0,0,2|φ|)(I ⊗A)Um(I ⊗ A
†), (5)
where A is an appropriate one-qubit gate.
This completes our proof, since it demonstrates that
the imprimitive gate U together with one-qubit gates can
be used to implement a cnot, which, in turn, can be used
to perform universal quantum computation [18]. 
It is easy to explore some examples of our procedure
using [11]. As an example, suppose we had a gate whose
canonical decomposition yielded U = ei
pi
6
Z⊗Z . Then
A1UA2UA3 = cnot where the gates Aj are primitive:
A1 =
[
1 0
0 −i
]
⊗
(
e−iγBeiβY
)
, A2 = I ⊗
(
e−i
pi
6
Ze−iβY
)
,
A3 = I ⊗
(
e−i
pi
6
ZeiγB
)
, B =
(√
3
5Z −
√
2
5Y
)
, (6)
3where β = 12 cos
−1 1
3 and γ =
1
2 cos
−1 1√
6
.
We conclude with a discussion of the optimality of the
scheme for universal quantum computation described in
our proof. We need to answer two questions: What is
the “optimal” use of a given gate U? How optimal is
our scheme? We define a scheme to be optimal if it uses
U the minimal number of times required to implement a
cnot, with arbitrary one-qubit gates. We will see that,
although our scheme is slightly non-optimal in usage of
the two-qubit interaction, the number of one-qubit gates
used by our scheme is many orders of magnitude smaller
than the number required by the Hamiltonian simulation
schemes described at the beginning of this Letter.
It follows from [10] (section D1) that the number of
uses of U required to implement the cnot in any protocol
using only U and one-qubit gates is bounded below by
pi
4θmax
where θmax = max{|θx|, |θy|, |θz|}.
To compare with our scheme, we obtain an estimate of
the number of uses of U required to implement a cnot
using our scheme. Recall that we use a controlled rota-
tion U(0,0,2|φ|) q =
⌊
pi
8θmax
⌋
times to implement a cnot.
(Recall that we take θz = θmax.) Each controlled ro-
tation uses U twice in general (the special cases follow
along similar lines with small changes in the number of
uses of U), and the corrections at the end can require up
to four uses of U . Thus the cnot uses U 2q + 4 times.
The ratio of the number of uses of U required by our
scheme to the minimum possible number is therefore less
than 1 + 16θmax/pi, which is between 1 (for small θmax)
and 5 (for large θmax).
Returning to the comparison of our result with those
on optimal simulation of Hamiltonians [7, 8], note that
our fixed given gate U can be thought of as a fixed given
Hamiltonian which always evolves for the same amount of
time between applications of one-qubit gates. Although
our procedure is slightly non-optimal in the number of
uses of U for large θmax, the pay-off in terms of error-
control is enormous. In general, we require only approx-
imately 6q one-qubit gates, and q depends only on the
gate U , not on the desired accuracy. In the example given
above, only 4 one-qubit gates are required, compared to
the unbounded number required to achieve arbitrary ac-
curacy in the Hamiltonian simulation procedures.
We have given a simple algorithm [11] which provides a
near-optimal way of using an arbitrary two-qubit entan-
gling interaction to do universal quantum computation.
Our scheme makes relatively undemanding requirements
on local control, and thus is likely to be experimentally
practical. Our scheme inverts the usual challenge fac-
ing the designer of a quantum computer: Instead of hav-
ing to do delicate, system-specific theoretical calculations
to engineer systems to perform gates such as the cnot,
it will now be possible for physicists to experimentally
determine the character of the available interaction and
then apply our algorithm to use that interaction to do
universal quantum computation.
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